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A NATURAL MAP FROM A QUANTIZED SPACE ONTO ITS
SEMICLASSICAL LIMIT
SEI-QWON OH
Abstract. Let Γ̂ be the natural map given in [11, §1]. Here, we construct a deformation Bq
of a Poisson algebra B1 and a prime ideal P of Bq such that Γ̂(P ) is not a Poisson prime ideal
of B1.
Recall the star product in [8, 1.1]. Let ~ be a formal variable. Let k be a field of characteristic
zero and let A be a Poisson algebra over k. The star product ⋆ on A[[~]] is given as follows: for
any f =
∑
n≥0 fn~
n, g =
∑
n≥0 gn~
n ∈ A[[~]],
f ⋆ g :=
∑
k,l≥0
fkgl~
k+l +
∑
k,l≥0,m≥1
Bm(fk, gl)~
k+l+m
such that
f ⋆ g − g ⋆ f
~
|
~=0 = {f0, g0},
where Bi : A × A −→ A are differential operators with respect to each argument. The k[[~]]-
algebra A[[~]] with a star product is called a quantization of A.
Let B be a k[~]-subalgebra of A[[~]] containing A. Note that ~ is a nonzero, nonunit and
non-zero-divisor such that B/~B ∼= A is commutative. For λ ∈ k, (~− λ)B is an ideal of B and
thus Bλ := B/(~−λ)B is a k-algebra. In particular, we can recover the Poisson algebra B0 ∼= A
and Bλ = 0 if ~− λ is a unit in B. Suppose that 0 6= λ ∈ k such that ~− λ is a nonunit in B.
Then Bλ is a non-trivial k-algebra. (Let λ ∈ k be nonzero. Then ~−λ is a unit in A[[~]]. Thus,
if ~− λ is a nonunit in B, then B is a proper subalgebra of A[[~]].)
Let t be an indeterminate. In the above paragraphes, replace k[[h]] by k[t, t−1] and let B be
any k[t, t−1]-algebra. Assume that t − 1 is a nonzero, nonunit and non-zero-divisor in B such
that B1 := B/(t− 1)B is commutative as ~ is such an element in A[[~]]. It is easy to check that
B1 is a Poisson algebra with Poisson bracket
(1) {a, b} = (t− 1)−1(ab− ba)
for all a = a+(t−1)B, b = b+(t−1)B ∈ B1. The Poisson algebra B1 plays a role as the Poisson
algebra A in the first paragraph. The Poisson algebra B1 is called a semiclassical limit of B. For
λ ∈ k, set Bλ := B/(t−λ)B and, for any k-algebra R, denote by GKdim(R) the Gelfand-Kirillov
dimension of R. (Refer to [9] for the Gelfand-Kirillov dimension.) The k-algebra Bλ is called a
deformation of B1. Let K be a nonempty subset of the set
{1, 0 6= λ ∈ k | t− λ is a nonunit in B and GKdim(Bλ)=GKdim(B1)}.
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That is, if λ ∈ K then Bλ 6= 0 and GKdim(Bλ) is equal to GKdim(B1). This article concerns
with the natural map from a family of deformations of B1, {Bλ|λ ∈ K}, into the Poisson algebra
B1 given in [11, §1]. Recall the natural map given in [11, §1]. Define a natural homomorphism
of k-algebras
γ : B −→
∏
λ∈K
Bλ, b 7→ γ(b) := (b+ (t− λ)B)λ∈K.
Let γ1 : B −→ B1 be the natural projection given by γ1(b) = b+ (t− 1)B for all b ∈ B. If γ is
a monomorphism, then there exists the composition
Γ = γ1 ◦ γ
−1 : γ(B) −→ B1.
Note that Γ is surjective. Denote by q a parameter taking values in K. Then the k-algebra Bq
presents a family of deformations of B1, {Bλ|λ ∈ K}, and there is a natural map
̂ : Bq −→
∏
λ∈K
Bλ, z(q) 7→ (z(λ))λ∈K
such that the image q̂ of q by the map ̂ is equal to γ(t). Note that the image B̂q of Bq by the
map ̂ is contained in γ(B). Hence there is a composition
Γ̂ = ̂ ◦ Γ : Bq −→ B1,
which is the natural map given in [11, §1].
Deformations Bq of B1 share algebraic properties with the Poisson algebra B1 in many cases,
for instance, prime ideals and Poisson prime ideals, primitive ideals and Poisson primitive ideals,
central elements and Poisson central elements, automorphisms and Poisson automorphisms. (See
[1], [3], [5], [7], [10].) Let I be an ideal of Bq. It is proved in [11, Theorem 1.4] that the image
Γ̂(I) of I by the map Γ̂ is a Poisson ideal of B1. Moreover, it is shown in [11] under certain
conditions that the natural map Γ̂ induces a homeomorphism between the spectrum of Bq and
the Poisson spectrum of B1 for the case of the quantized affine algebra and the quantized Weyl
algebra.
The aim of this article is to give an example such that the natural map Γ̂ does not preserves
primeness. That is, we construct deformations Bq of a Poisson algebra B1 and a prime ideal P
of Bq such that Γ̂(P ) is not a Poisson prime ideal of B1.
Assume throughout the article that k denotes a field of characteristic zero and that all algebras
have unity. A commutative algebra A is said to be a Poisson algebra if there exists a bilinear
product {−,−} on A, called a Poisson bracket, such that (A, {−,−}) is a Lie algebra and
{ab, c} = a{b, c} + {a, c}b for all a, b, c ∈ A. An ideal I of a Poisson algebra A is said to be a
Poisson ideal if {I,A} ⊆ I. A Poisson ideal P is said to be Poisson prime if, for all Poisson
ideals I and J , IJ ⊆ P implies I ⊆ P or J ⊆ P . If A is noetherian then a Poisson prime ideal
of A is a prime ideal by [4, Lemma 1.1(d)].
Let B be the k[t, t−1]-algebra generated by e, f, h with the relations
ef − fe = (t− 1)h, he− eh = 2(t− 1)e, hf − fh = −2(t− 1)f.
Note that B is an iterated skew polynomial ring
B = k[t, t−1][h][e;α1][f ;α2, δ2]
NATURAL MAP 3
for suitable maps α1, α2, δ2. (Refer to [6, Chapter 2] for the skew polynomial ring.) Hence t− 1
is a non-zero-divisor in B. Clearly, t− 1 is a nonzero and nonunit such that B1 := B/(t− 1)B
is commutative and thus the semiclassical limit B1 of B is the Poisson algebra k[e, f, h] with
Poisson bracket
(2) {e, f} = h, {h, e} = 2e, {h, f} = −2f
by (1). Set
K := k \ ({0, 1} ∪ {roots of unity}).
Then K is an infinite set clearly and t − λ, λ ∈ K, is a nonunit in B. Denote by Bλ the
deformation B/(t − λ)B of B1. Note that, for each λ ∈ K, Bλ is the k-algebra generated by
e, f, h with the relations
(3) ef − fe = (λ− 1)h, he− eh = 2(λ− 1)e, hf − fh = −2(λ− 1)f
and observe that Bλ is an iterated skew polynomial ring
Bλ = k[h][e;α
′
1][f ;α
′
2, δ
′
2]
for suitable maps α′1, α
′
2, δ
′
2. Hence the set of standard monomials
{eif jhk|i, j, k = 0, 1, · · · }
forms a k[t, t−1]-basis of B and a k-basis of Bλ for each λ ∈ K. It is also a k-basis of B1. Hence
GKdim(Bλ)=GKdim(B1)= 3 for each λ ∈ K by [9, Example 3.6]. By [11, Lemma 1.2], there
exists a monomorphism of k-algebras
γ : B −→
∏
λ∈K
Bλ
and thus there exists the composition
Γ = γ1 ◦ γ
−1 : γ(B) −→ B1,
where γ1 is the canonical projection
γ1 : B −→ B1, b 7→ b+ (t− 1)B.
Note that Γ is an epimorphism of k-algebras.
Let q be not a root of unity. Then Bq is the k-algebra generated by e, f, h with the relations
(4) ef − fe = (q − 1)h, he− eh = 2(q − 1)e, hf − fh = −2(q − 1)f,
which is obtained from (3) by replacing λ by q. Moreover, q plays a role as a parameter taking
values in K and thus Bq presents a family of deformations of B1, {Bλ|λ ∈ K}. There exists a
map
̂ : Bq −→
∏
λ∈K
Bλ, z(q) 7→ (z(λ))λ∈K.
Observe that the image B̂q of Bq by ̂ is contained in γ(B). Thus there exists the composition
Γ̂ = ̂ ◦ Γ : Bq −→ B1.
Note that Γ̂ is a surjective map but not a k-linear map since Γ̂(q) = 1.
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The universal enveloping algebra U(sl2(k)) of the Lie algebra sl2(k) is the k-algebra generated
by E,F,H subject to the relations
(5) EF − FE = H, HE − EH = 2E, HF − FH = −2F.
One should compare (2) with (5). The map from U(sl2(k)) onto Bq defined by
(6) E 7→ (q − 1)−1e, F 7→ (q − 1)−1f, H 7→ (q − 1)−1h
is an isomorphism of algebras by (4) and (5). Hence U(sl2(k)) ∼= Bq.
Note that the element Ω = 4ef + h2 − 2(q − 1)h of Bq is a central element of Bq which
corresponds to a scalar multiple of the Casimir element of U(sl2(k)). For each integer n ≥ 2,
the ideal
Pn = 〈e
n,Ω− (q − 1)2(n2 − 1)〉
of Bq is a prime ideal by (6) and [2, Proposition 4.3]. But Γ̂(Pn) is the Poisson ideal
〈en, 4ef + h2〉
of B1 by [11, Theorem 1.4], which is not prime since n ≥ 2.
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